It is shown that phase synchronization of chaotic dynamical systems can be achieved using a binary coupling signal that takes only two possible values. This phenomenon is demonstrated using analog electronic implementations of the Rössler system and Chua's oscillator.
Introduction
Synchronization of periodic signals is a well-known phenomenon in physics, engineering and many other scientific disciplines. However, even chaotic systems may be linked in a way such that their chaotic oscillations are synchronized. In particular, the case of one-directional coupling has been investigated intensely during the last years [Fujisaka & Yamada, 1983; Afraimovich et al., 1986; Pecora & Carroll, 1990; Kocarev & Parlitz, 1995] because of its potential application in communication systems (see, e.g. [Parlitz et al., 1996a] and references cited therein). Most of the studies deal with synchronization of two (almost) identical systems but also more sophisticated types of (generalized) synchronization have been investigated where (in the limit t → ∞) a functional relationship exists between the states of the coupled systems [Afraimovich et al., 1986; Rulkov et al., 1995; Kocarev & Parlitz, 1996 , Parlitz & Kocarev, 1999 . Another important generalization of the notion of identical synchronization is the phenomenon of phase synchronization Stone, 1992; Pikovsky et al., 1996; Parlitz et al., 1996b] . To investigate phase synchronization a well-defined phase variable has to be identified in both coupled systems. This can be done heuristically for strange attractors that spiral around some particular point (or "hole") in a two-dimensional projection of the attractor like in the case of the Rössler attractor shown in Fig. 1(a) . In such a case, a phase angle φ(t) can be defined that de-or increases monotonically. Phase synchronization of two coupled systems occurs if the difference |φ 1 (t) − φ 2 (t)| between the corresponding phases is bounded by some constant. 1 Using the phase angle φ(t) one may define a mean rotation frequency Ω = lim t→∞ φ(t)/t. In the case of phase synchronization, mean rotation frequencies of the drive and the response systems coincide, i.e. also for chaotic systems phase synchronization leads in some sense to the frequency entrainment known from coupled periodic oscillations. But in contrast to periodic oscillations for chaotic phase synchronization all amplitudes remain completely uncorrelated . This phenomenon may be used in technical or experimental applications where a coherent superposition of several chaotic output channels is desired.
In this article we consider the special case of a binary coupling signal that can take only two possible values {−1, +1} and provides a minimal information flow from the driving system to the * E-mail: ulli@physik3.gwdg.de 1 A more general definition includes rational relations |nφ1 − mφ2| < const for arbitrary integers n and m. response system. Numerical simulations and experimental measurements clearly indicate that such a coupling is sufficient to achieve (chaotic) phase synchronization. In the following sections we shall present experimental results obtained with an analog implementation of coupled Rössler systems and with two coupled Chua's circuits. Some remarks concerning the potential relevance of binary coupling and the observed phenomena will be given in the conclusions.
Coupled Rössler Systems
The first example for phase synchronization based on binary coupling consists of two unidirectionally coupled Rössler systems (1) and (2) that have been implemented on an analog computer [Parlitz et al., 1996b] .
The function g(x 3 , y 3 ) describes the coupling and the following cases have been investigated:
where c is a coupling constant and Q(x) = 8.11 V · sign(x) is the binary quantization function used. In our experiments we have compared the case of (ordinary) continuous coupling (3) with discretizedcontinuous (4) and discretized-discretized (5) coupling. Note that in the cases (4) and (5) only the dicretized binary signal Q(x 3 (t)) has to be transmitted to the response system. The parameters ω 1 = 1 and ω 2 = 1.1 determine the mean rotation frequency around the center of the attractors of the drive and the response systems, respectively, and α = 0.013 gives the parametrization of time due to the hardware. In order to estimate phases and rotation frequencies two-dimensional projections of the underlying attractors have been reconstructed from (1) and (2). This difference still exists for sufficiently small values of the coupling parameter c as can be seen in Fig. 2 where the mean rotation frequencies of drive and response are plotted versus the coupling constant c. Depending on the type of coupling (3), (4), or (5) the response system undergoes a transition to a phase synchronized state where the mean rotation frequencies of the drive and the response coincide. The different threshold values of c are due to the amplitude scaling of the quantization function Q(x) = 8.11 V · sign(x). Close to the transition the frequencies remain almost constant or even decrease a little bit and the "hole" in the attractor becomes quite small as can be seen in Fig. 3 for the three types of coupling. Experimentally phase synchronization can be easily monitored with an oscilloscope by plotting the response signal r(t) versus the drive d(t) (as it is usually done for verifying identical synchronization). Figure 4 shows such a diagram for the coupled Rössler systems and coupling value c = 0.3 (compare Fig. 1 ). For all three types of coupling From this shape one may conclude that the phase difference between both signals is bounded above. This structure vanishes when the coupling is decreased and both chaotic systems are no longer phase synchronized as can be seen for the case c = 0 in Fig. 4(d) . 
Coupled Chua's Circuits
Similar experiments as those described in the previous section have also been performed with two almost identical unidirectionally coupled Chua's circuits [Madan, 1993; Kocarev & Parlitz, 1995] 
Two types of coupling have been implemented:
The parameter values are C 1 ≈ 10 nF, C 2 ≈ 100 nF, L ≈ 18 mH, G ≈ 1/1700 Ω, m 0 ≈ −0.409 mS, m 1 ≈ −0.756 mS and B p ≈ 1.08 V. Chua's circuit possesses a large variety of strange attractors with the double scroll attractor and a Rössler-type attractor being the most important ones for this dynamical system. For studying phase synchronization effects the Rössler-type attractor is most suitable and we have chosen a corresponding parameter set for the driving circuit (7). The parameter values of the response circuit are almost the same but unfortunately when changing the coupling parameter c the response attractor changes its shape and becomes for a certain range of coupling parameter values a double scroll attractor. Therefore we were not able to measure a diagram like 2 for the coupled Chua's circuits. Nevertheless for sufficiently strong coupling the response attractor resembles a Rössler attractor again and chaotic phase synchronization can be observed. Figure 5 shows the measured response signal r(t) =Ṽ C1 (t) versus the drive d(t) = V C1 (t) for the types of coupling (8) and (9). The ellipsoid-like shape of the projections of the attractors clearly indicates phase synchronization which has also been verified by measuring the corresponding phases.
Conclusion
In this article it was demonstrated that chaotic phase synchronization can be achieved using a binary coupling signal only. Physically this may be explained by the fact that this type of coupling forces the signs of some oscillating variables from both systems to coincide and this leads to restrictions for their corresponding phases which result in phase synchronization. Binary coupling may be used for synchronizing analog circuits via a digital channel with a low information rate to be transmitted. In this case the effect of time discrete sampling should also be studied, because in the present investigation a time continuous coupling signal was used. (Phase) Synchronization phenomena based on binary coupling may also turn out to exist in natural dynamical systems like neural networks. In that case the binary information used for achieving synchronization may be transmitted by impulses that are relatively insensitive with respect to a noisy environment.
